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Abstract— In this article, the concepts of lacunary I-convergent 

multiple sequences of fuzzy real numbers having multiplicity 

greater than two is introduced. The relation between lacunary I-

convergent and lacunary I-Cauchy triple sequences is introduced. 

Also some algebraic and topological properties such as linearity, 

symmetric, convergence free etc. are studied and some inclusion 

results are established.   
Index terms - Fuzzy real numbers; lacunary sequence; I-

convergence; multiple sequences, symmetric; convergence free; 

sequence algebra. 
 

I. INTRODUCTION 
 

Fuzzy set theory, compared to other mathematical theories, is 

perhaps the most easily adaptable theory to practice. Instead of 

defining an entity in calculus by assuming that its role is 

exactly known, we can use fuzzy sets to define the same entity 

by allowing possible deviations and inexactness in its role. 

This representation suits well the uncertainties encountered in 

practical life, which make fuzzy sets a valuable mathematical 

tool. The concepts of fuzzy sets were first introduced by L. A. 

Zadeh [40] in 1965. Subsequently several authors have 

discussed various aspects of the theory and applications of 

fuzzy sets. In fact the fuzzy set theory has become an active 

area of research in science and engineering for the last 51 

years. While studying fuzzy topological spaces, many 

situations are faced, where one has to deal with convergence of 

fuzzy numbers.  

Using the notion of fuzzy real numbers, different types of 

fuzzy real-valued sequence spaces have been introduced and 

studied by several mathematicians. Agnew [1] studied the 

summability theory of multiple sequences and obtained certain 

theorems for double sequences by the author himself. In order 

to generalize the notion of convergence of real sequences, 

Kostyrko, Šalát and Wilczyński [16] introduced the idea of 

ideal convergence for single sequences in 2000-2001. Later on 

it was further developed by Šalát et. al. ([17], [28]), Kumar 

and Kumar [19], Tripathy and Tripathy [39], Das et. al. [6], 

Sen and Roy [32], Nath and Roy [20], Nath and Roy [22] and 

many others.   

The different types of notions of multiple sequences was 

introduced and investigated at the initial stage by Sahiner                         

et. al. [26] and Sahiner and Tripathy [27]. More works on 

multiple sequences are found in Kumar et. al. [18], Dutta et. al. 

[8], Savas and Esi [31], Esi [11-12], Nath and Roy ([21], [23]).                                                                                                           

A fuzzy real number on R  is a mapping 

])1,0[(:  LRX  associating each real number Rt  

with its grade of membership X (t). Every real number r can 

be expressed as a fuzzy real number r as follows:  

r  (t) =



 

otherwise

rtif

0

1
 

The -level set of a fuzzy real number X , ,10  denoted 

and  defined as  }.)(:{][   tXRtX  

A fuzzy real number X is called convex if 

 )()()( rXsXtX min )),(),(( rXsX
 
where .rts 

If there exists Rt 0 such that ,1)( 0 tX  then the fuzzy real 

number X  is called normal. A fuzzy real number X is said to be 

upper semi-continuous if for each ,0
 )),,0[1  aX  for 

all La  is open in the usual topology of .R The set of all 

upper semi continuous, normal, convex fuzzy number is 

denoted by ),(LR whose additive and multiplicative identities 

are denoted by 0 and 1  respectively.    

Let D be the set of all closed bounded intervals  RL XXX ,  

on the real line R. Then YX  if and only if 
LL YX   and 

.RR YX   Also if ), | Y-| , | -| (max     ),( RLRL YXXYXd   then 

),( dD
 

is a complete metric space. Moreover  

RLRLRd  )()(:
 
 defined by  

 )(,for  , )][,]([sup),(
10

LRYXYXdYXd 






                             

is a metric on ).(LR  

Let X be a non empty set. A non-void class 
XI 2  (power set 

of X) is said to be an ideal if I is additive and hereditary, i.e. if I 

satisfies the following conditions: 

(i) IBAIBA  , and  (ii) .     IBABandIA   

A non-empty family of sets 
XF 2 is said to be a filter on X if 

(i)  F (ii) A, B  F  A  B  F and (iii)  A  F and A  B 

 B F.  

For any ideal I, there is a filter F(I) defined as  

}. \ : {)( IKNNKIF   

An ideal 
XI 2  is said to be non-trivial if I  and X  I. 

Clearly 
XI 2  is a non-trivial ideal if and only if 

} :{)( IAAXIFF   is a filter on X. 
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A non-trivial ideal I is called admissible if and  only if                                    

  .:}{ INnn    A non-trivial ideal I is maximal if there                    

cannot exists any nontrivial ideal IJ   containing I as a subset.                                                     

A subset E of NNN   is said to have density )(E if  


  




p

m

q

n

r

l

E
rqp

lnmE
1 1 1

,,
),,( lim)(  exists where E                                           

is the characteristic function of E. 

Throughout, the ideals of 
NNN 2 will be denoted by .3I  

Example 1.1. Let 
NNNI  2)(3  i.e. the class of all subsets 

of NNN  of zero natural density. Then )(3 I  is an ideal 

of
NNN 2 .  

In 1993, Fridy and Orhan [13] introduced the concept of 

lacunary statistical convergence. Different classes of lacunary 

sequences have been studied by some renowned researchers 

namely Nuray [24], Demirci [7], Bligin [5], Altin et. al. ([2], 

[4]),  Altin [3], Gokhan et. al. [14], Subramanian and Esi [33], 

Esi [10], Savas [30], Tripathy and Baruah [34], Dutta et al. [9], 

Saha and Roy [25] and many others. The concept of  lacunary 

I-convergence was introduced by Tripathy et. al. [36]. More 

works on lacunary I-convergence was done by Hazarika [15], 

Tripathy and Dutta [35] and so on.  

 

II. PRELIMINARIES AND BACKGROUND 
 
In this section, some fundamental notions, which are closely 

related to the article, are recalled. 

Throughout the article )( ),( ),( ),( 03333

FFFF ccw   denote 

the spaces of all, bounded, convergent in Pringsheim’s sense, 

null in Pringsheim’s sense fuzzy real-valued triple sequences 

respectively and N, R, C denote the sets of natural real and 

complex numbers respectively.
 
 

A triple sequence is a function ).(: CRNNNx 
 

A fuzzy real valued triple sequence 
mnlXX 

 
is a triple 

infinite array of fuzzy real numbers mnlX  for all 

, , , Nlnm   where ).(  LRX mnl    

A fuzzy real-valued triple sequence 
mnlXX  is said to be 

convergent in Pringsheims sense to the fuzzy real number X, if 

for every ,,0   )(),(),( 000000  llnnmm 

N such that ),( XXd mnl
 for all ,, 00 nnmm 

.0ll   

A fuzzy real-valued triple sequence 
mnlXX 

 
is said to be 

3I -convergent to the fuzzy number ,0X  if for all ,0 the 

set   .} ),(:),,{( 30 IXXdNNNlnm mnl  

We write .  lim 03 XXI mnl   

A fuzzy real-valued triple sequence 
mnlXX  is said to be 

3I -bounded if there exists a real number   such that the set 

.})0,(,:),,{( 3IXdNNNlnm mnl   .  

A fuzzy real-valued triple sequence space 
FE  is said to be 

solid or normal if F

mnl EY  whenever F

mnl EX 
 

and
 

)0,()0,( mnlmnl XdYd   for all
 

. , , Nlnm    

A fuzzy real-valued triple sequence space 
FE  is said to be 

monotone if 
FE  contains the canonical pre-image of all its 

step spaces.   

A fuzzy real-valued triple sequence space 
FE  is said to be 

symmetric if 
F

nlk EX )( , whenever 
F

mnl EX   

where   is a permutation on .NNN    

A fuzzy real-valued triple sequence space 
FE  is said to be 

sequence algebra if ,F

mnlmnl EYX   whenever 

., F

mnlmnl EYX 
 

A fuzzy real-valued triple sequence space 
FE  is said to be 

convergence free if F

mnl EY  whenever .F

mnl EX   and 

0mnlX implies  .0mnlY
 

A lacunary sequence is an increasing integer sequence 

,......)3,2,1,0(  rkr
 

of positive integers such that 

00 k  and   1rrr kkh as .r  The intervals 

determined by   will be defined by ],( 1 rrr kkJ   and the 

ratio 

1r

r

k

k
 will be defined by .rq   

A lacunary sequence  rk //   is said to be lacunary 

refinement of the lacunary sequence rk  if  

 ./ rkkr    

 

 

2.1 Lacunary convergence of triple sequence 

A triple sequence    ,..2,1,0,,(,,,,  psrlnm psrpsr

,......)  of positive integers is called lacunary if there exists 

three increasing sequences of integers      
psr lnm ,,  such that 

  rasmmhm rrr 10 ,0  

  rasnnhn rrr 10 ,0  
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.,0 10   rasllhl rrr
 

Let us denote psrpsr lnmm ,,  and psrpsr hhhh ,,  

and the intervals are determined by 
psr ,,  and it will be 

defined by  

  
pprrrrpsr lllnnnmmmlnmJ   111,, ,,:,,  

and .,,
111 


p

p

p

r

r

s

r

r

r
l

l
q

n

n
q

m

m
q  

A triple sequence mnlx is said to be 
psr ,,  convergent to L if 

for every 0 and there exists integers Nn 0  such that    

 
 

o

Jpnm

mnl

psr

npsrLxd
h

psr




,,,
1

,,,,,,

  

.lim,, Lxmnlpsr 
 

2.2  Lacunary ideal convergence of fuzzy triple sequences 

 Let   
psrpsr m ,,,,   be a triple lacunary sequence. Then a 

triple sequence mnlX  of fuzzy real numbers is said                       

to be lacunary 
psr

I
,, -convergent to a fuzzy real                       

numbers  L  
 

if for every ,0  the set 

   
 

.,
1

:,, 3

,,,, ,,

ILXd
h

NNNpsr
psrJlnm

mnl

psr














 




We write .lim
,,

LXI mnlpsr
  

A triple sequence mnlX  of fuzzy real numbers is said to be 

lacunary 
psr

I
,,  -null if for every ,0  the set 

   
 

.0,
1

:,, 3

,,,, ,,

IXd
h

NNNpsr
psrJlnm

mnl

psr














 


  

We write  .0lim
,,

 mnlXI
psr

 

 Let 3I  be an admissible ideal of NNN  . A triple 

sequence  mnlX  is said to be 
psr

I
,, - Cauchy if there exists a 

subsequence  
     plsnrm

X ///  of  mnlX  such that 

       psrJplsnrm ,,

/// ,,   for each  r , s , p 

    ,,,,
lim

psr
  

     
LX

plsnrm
///  and for every 0  the set 

 
     

 
 

.,
1

:,, 3

,,,, ,,

/// IXXd
h

NNNpsr
psrJlnm

plsnrmmnl

psr














 


  

The triple sequence  psrpsr lnm ,,,,    is called a 

triple lacunary refinement of triple lacunary sequence 

 psrpsr lnm ,,,,   if    .,,,, psrpsr lnmlnm   

Remark 2.1. Every normal sequence space 
FE  is monotone.      

 
 

 
III. MAIN RESULTS 

 
Using the standard techniques, the following result can be 

easily proved. 

Theorem 3.1- Let  mnlXX   be a triple sequence. Then 

(i) If mnlXX 
 
is psr ,, convergent then 

mnlpsr Xlim,,  is unique. 

(ii) If mnlXX 
 
is 

psr
I

,, convergent then 

mnlXI
psr

lim
,,
 is unique. 

Theorem 3.2-  Let mnlX , mnlY  be the triple sequences of 

fuzzy real numbers. Then  

(i) if  0lim
,,

XXI mnlpsr


 
then 

,lim 0,,
cXXcI mnlpsr

   for  Rc . 

(ii) if  0lim
,,

XXI mnlpsr
  and 0lim

,,
YYI mnlpsr

 ,  

then     .lim 00,,
YXYXI mnlmnlpsr

  

Proof. (i) Let 0lim
,,

XXI mnlpsr
  and 


mnlX  denote the 

 level set of ,mnlX where ].1,0[  

Since ),,(),( 00

 XXdccXcXd mnlmnl   for  Rc . 



sup ),(sup),( 00





 XXdccXcXd mnlmnl   

 ).,(),( 00 XXdccXcXd mnlmnl   

Now for a give ,0  

   
  











 
 psrJlnm

mnl

psr

cXcXd
h

NNNpsr
,,,,

0

,,

,
1

:,,   

   
 

.,
1

:,,
,,,,

0

,, 











 
 psrJlnm

mnl

psr c
XXd

h
NNNpsr


 

Hence .lim 0,,
cXXcI mnlpsr

   

(ii) Let  0lim
,,

XXI mnlpsr
  , 0lim

,,
YYI mnlpsr

  

and 
k

mnl
X denote the α –level set of mnlX , where ].1,0[   

),(),( 000

 XXdYXYXd mnlmnlmnl 
 

),( 0

 YYd mnl  

),(sup 00





YXYXd mnlmnl 

),(),(sup 00





YYdXXd mnlmnl 
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),( 00

 YXYXd mnlmnl 

),(),( 00

 YYdXXd mnlmnl   

For a given ,0  

   
  











 
 psrJlnm

mnlmnl

psr

YXYXd
h

NNNpsr
,,,,

00

,,

,
1

:,,   

     
  

.,,
1

:,,
,, ,,,, ,,

00

,, 
























  

 psr psrJlnm Jlnm

mnlmnl

psr

YYdXXd
h

NNNpsr 

   
 

.
2

,
1

:,,
,,,,

0

,, 











 
 psrJlnm

mnl

psr

XXd
h

NNNpsr


      

   
  











 
 psrJlnm

mnl

psr

YYd
h

NNNpsr
,,,,

0

,, 2
,

1
:,,



Hence    .lim 00,,
YXYXI mnlmnlpsr

  ■
                                                                                                                     

Theorem 3.3- Let mnlX  be a triple sequence of fuzzy real 

numbers.  If   ,lim,, LX mnlpsr  then  

.lim
,,

LXI mnlpsr


 Proof.  Let ,lim,, LX mnlpsr   then for every  0  

then there exists  Nn 0  such that 

 
 

.,,,
1

,,,,,,

o

Jpnm

mnl

psr

npsrLXd
h

psr






Therefore the set  

   
  











 
 psrJlnm

mnl

psr

LXd
h

NNNpsrB
,,,,,,

,
1

:,,   

       .1,1,1,..,2,2,2,1,1,1 300 Innn o 

 But 3I
 
 is admissible. So .3IB  

Hence LimxI mnlpsr


,, .  ■ 

Theorem 3.4- Let 3I  be an admissible ideal of NNN  . A 

triple sequence of fuzzy real numbers mnlX  is  
psr

I
,,

convergent  if  and  only  if  it  is 
psr

I
,, - Cauchy sequence. 

Proof . Let  mnlX  be 
psr

I
,,  convergent and let 

.lim
,,

LXI mnlpsr
  

Let 

     
  











 
 psrJlnm

mnl

psr

kji
ijk

LXd
h

NNNpsrH
,,,,,,

,,

1
,

1
:,,

 

for  each Nkji ,, . 

Clearly    kjikji HH ,,1,1,1   for each Nkji ,,    

and the set  

   
 

.
1

,
1

:,, 3

,,,, ,,

I
ijk

LXd
h

NNNpsr
psrJlnm

mnl

psr














 


 

111 ,, lnm are  chosen  such that ,,, 111 lpnsmr    

then 

   
 

.1,
1

:,, 3

,,,, ,,111

111
ILXd

h
NNNpsr

psrJlnm

lnm

psr














 


 

Next 121212 ,, llnnmm   are chosen such that 

,,, 222 lpnsmr   then  

   
 

.
2

1
,

1
:,, 3

,,,, ,,222

222
ILXd

h
NNNpsr

psrJlnm

lnm

psr














 


Therefore for each r satisfying 

212121 ,, lplnsnmrm   

       psrJplsnrm ,,

/// ,,   is chosen such that  

 
     

 
      

.1,
1

:,, 3

,,,, ,,
///

/// ILXd
h

NNNpsr

psrJplsnrm
plsnrm

psr














 


Proceeding in this way inductively, we have  

wwvvuu llnnmm   111 ,,  such that  

,,, 111   wvu lpnsmr  then   

   
 

.
1

,
1

:,, 3

,,,, ,,111

111
I

uvw
LXd

h
NNNpsr

psrwvu

wvu

Jlnm

lnm

psr














 




 

For each r, s, p satisfying  

,,, 111 wwvvuu lplnsnmrm    

 
     

 
      

.
1

,
1

:,, 3

,,,, ,,
///

/// I
uvw

LXd
h

NNNpsr

psrJplsnrm
plsnrm

psr














 


     
 

uvw
LXd

plsnrm

1
,///   .  

This implies that 
    ,,,,

lim
psr      

./// LX
plsnrm
  

Therefore for every 0 ,  

 
     

 
      

 
















 




psr

psr

Jlnm

Jplsnrm
plsnrmmnl

psr

XXd
h

NNNpsr

,,

,,
///

///

,,

,,,,

,
1

:,,   

   
 














 
 psrJlnm

mnl

psr

LXd
h

NNNpsr
,,,,,,

,
1

:,,   

 
     

 
      

.,
1

:,, 3

,,,, ,,
///

/// ILXd
h

NNNpsr

psrJplsnrm
plsnrm

psr
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.,
1

:,, 3

,,

,,,,

,,

,,
///

/// IXXd
h

NNNpsr

psr

psr

Jlnm

Jplsnrm
plsnrmmnl

psr


















 




  

mnlX  is a  
psr

I
,, Cauchy sequence. 

Conversely let  mnlX  be a  
psr

I
,,  - Cauchy sequence. Then 

every 0  
 

 
     

 
      

 
















 




psr

psr

Jlnm

Jplsnrm
plsnrmmnl

psr

XXd
h

NNNpsr

,,

,,
///

///

,,

,,,,

,
1

:,, 

   
 














 
 psrJlnm

mnl

psr

LXd
h

NNNpsr
,,,,,,

,
1

:,, 

 

 
     

 
      

 


















 




psr

psr

Jlnm

Jplsnrm
plsnrmmnl

psr

XXd
h

NNNpsr

,,

,,
///

///

,,

,,,, 2
,

1
:,,



 

 
     

 
      

.
2

,
1

:,, 3

,,,, ,,
///

/// ILXd
h

NNNpsr

psrJplsnrm
plsnrm

psr














 




 

   
 

..,
1

:,, 3

,,,, ,,

ILXd
h

NNNpsr
psrJlnm

mnl

psr














 


  

mnlX  is 
psr

I
,, convergent   sequence.  ■ 

Theorem 3.5- Let 
mnlmnlmnl ZYX ,,  be fuzzy real-valued 

triple sequences such that   

(i) 
mnlmnlmnl ZYX 

 
.limlim)(

,,,,
LZIXIii mnlmnl psrpsr

   

Then  .lim
,,

LYI mnlpsr


 

Proof.  Since ,limlim
,,,,

LZIXI mnlmnl psrpsr
 

so for a chosen  0  we have 

   
 

3

,,,, ,,

,
1

:,, ILXd
h

NNNpsr
psrJlnm

mnl

psr














 


   

and  

   
 

.,
1

:,, 3

,,,, ,,

ILZd
h

NNNpsr
psrJlnm

mnl

psr














 


  

Then the sets 

   
  











 
 psrJlnm

mnl

psr

Lxd
h

NNNpsrA
,,,,,,

,
1

:,, 

and 

   
  











 
 psrJlnm

mnl

psr

Lzd
h

NNNpsrB
,,,,,,

,
1

:,,   

are obtained in the filter ).( 3IF  

 Let 

   
  











 
 psrJlnm

mnl

psr

LYd
h

NNNpsrC
,,,,,,

,
1

:,,   

Then  

BAC   and   .3IFBA   

 .3IFC  

   
 

.,
1

:,, 3

,,,, ,,

ILYd
h

NNNpsr
psrJlnm

mnl

psr














 


  

.lim
,,

LYI mnlpsr
    ■ 

  

Theorem 3.6- If 
psr ,, is a triple lacunary refinement                     

of 
psr ,, and LXI mnlpsr

 lim
,,

 
then 

.lim
,,

LXI mnlpsr
 . 

Proof . Let for each 
psrJ ,,

of 
psr ,, contains the points 

       pwsvru

kjikpjsir lnm
1,,,

/
,

/
,

/ ,,


 of  
psr ,, where 

      1,, pwsvru
 
such that   

 rurrrr mmmm .
/

2.
/

1.
/

1 ........  

 svssss nnnn .
/

2.
/

1.
/

1 ........  

 pwpppp llll .
/

2.
/

1.
/

1 ........ where 

  ;:,, //
1.

////
.,.,.

/
rirpkjsir mmmlnmJ  

pkpsjs lllnnn //
1.

///
1.

/ ;     for all r, s , p. 

   psr lnm ,,  psr lnm /// ,,  

Let   

1,,,, kjikjiJ
 
be the sequence of abutting blocks of 

kpjsirj .,.,.
/

ordered by increasing a lower right index points. 

Since ,lim
,,

LXI mnlpsr
  therefore for each  0 , we 

have  

    3

,,,,

,
1

:,, ILXd
h

NNNkji

psrkji JJ

mnl

kji














 


  

where ,; 1,,,  iririrpsrpsr mmhhhhh  

,1,,,  jsjsjs nnh ,1,,,  kpkpkp llh  

   
  











 
 psrJlnm

mnl

kji

LXd
h

NNNpsr
,,,,

,
1

:,,   
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  .
1

:,,







kjih

NNNpsr

   
 

3

,, ,, ,,,,

,
1

:,, ILXd
h

NNNkji
psr psrkji

Jlnm JJ

mnl

ijk















 

 



   
 

.,
1

:,, 3

,, ,,

ILXd
h

NNNpsr
psrJlnm

mnl

kji














 




.lim
,,

LXI mnlpsr
 

   
■  

Theorem 3.7 - Let   
psrpsr m ,,,,   be a triple lacunary 

sequence. Then the sequence spaces   FI

psr
c

,,3   and
 

  FI

psr
c

,,03 
 
are normal and monotone. 

Proof.  We prove the result for the space   .
,,03

FI

psr
c   

Similarly, the other case can be established.   

Let mnl be a sequence of scalars such that | 1| mnl , for 

all .,, Nlnm 
 

Then from the following inclusion relation:   

   
  











 
 psrJlnm

mnlmnl

psr

LXd
h

NNNpsr
,,,,,,

,
1

:,,         

   
 

,,
1

:,, 3

,,,, ,,

ILXd
h

NNNpsr
psrJlnm

mnl

psr














 


  

it follows that the space   FI

psr
c

,,03   is normal. Also by 

Remark 2.1, it follows that   FI

psr
c

,,03  is monotone. ■    

Proposition 3.8- The classes of the sequences   FI

psr
c

,,3   and 

  FI

psr
c

,,03  are not convergent free. 

Proof.  Consider the space   .
,,03

FI

psr
c    

The proof follows from the following example. 

Example 3.1.  Let  psr

psr 3,4,2,, 
 
be a triple lacunary 

sequence. Consider two sequences mnlX , mnlY  defined by 

                  





















                   ,0 

0    o            , 

0o  ,

 )( 3

3

3

3

otherwise
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,,03  but 0mnlX
 
does not 

imply that ,0mnlY .,, Nlnm 
 

Hence the sequences   FI

psr
c

,,03  is not convergent free. 

Similarly, the other case can be established. ■                                                                                                                                      
               

 

Proposition 3.9- The classes of the sequences   FI

psr
c

,,3 
               

and   FI

psr
c

,,03  are not sequence algebra. 

Proof. Let us consider the space   .
,,03

FI

psr
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The proof follows from the following example. 

Example 3.2. Let  psr

psr 3,3,3,, 
 
be a triple lacunary 

sequence. Let 
mnlmnl YX , be two sequences defined as: 
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mnlX  and   ,
,,03

FI

mnl psr
cY  but 

    .
,,03

FI

mnlmnl psr
cYX   

 

Hence the sequence   FI

psr
c

,,03 
 
is not sequence algebra. 

Similarly the result can be proved for the other space.  ■   

IV. CONCLUSION 

 
For the development of any sequence space, convergence of 

that sequence space plays an important role. We have 

introduced the notion of lacunary I-convergent multiple 

sequences of fuzzy real numbers having multiplicity greater 

than two. The relation between lacunary I-convergent and 

lacunary I-Cauchy triple sequences is obtained. Also some 

algebraic and topological properties are studied and some 

inclusion results are derived. The introduced notion can be 

applied for further investigations from different aspects.   
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