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Abstract- Dominating sets play predominant role in the theory of
graphs. In this paper we consider the bondage number b(G) for an

interval family corresponding to an interval graph G, which is
defined as the minimum number of edges whose removal results in a
new graph with larger domination number. Among the various
applications of the theory of domination the most often discussed is a
communication network. This network consists of communication
links between a fixed set of sites. By constructing a family of
minimum dominating sets, we compute the bondage number

b(G) <d(v)+d*(u) =[N~ (u) "N ().

communication network fails due to link failure. Then the problem is
to find a fewest number of communication links such that the
communication with all sites in possible. This leads to the introducing
of the concept of bondage number of graph.

Suppose,

I. INTRODUCTION

It is well known that the topological structure of an
interconnection network can be modeled by a connected graph
whose vertices represent sites of the network and whose edges
represent physical communication links. A minimum
dominating set in the graph corresponding to an interval

family | , where each |, is an interval on the real line
I, =[a,b] for i=12,.....,n. Here & is called the left
end point and b, is the right end point of |, without loss of

generality we assume that all end points of the intervals | are
distinct numbers between land 2n. Two intervals iand |
are said to intersects each other if they have non-empty
intersection. A subset D of V s said to be a dominating set
of G if every vertex in V \ D is adjacent to a vertex inD .
The domination number y(G) of G is the minimum

cardinality of dominating set [8]. Also a minimum dominating
set in the graph corresponds to a smallest set of sites selected
in the network for some particular uses, such as placing
transmitters. Such a set may not work when some
communication links happen fault.
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In order to give a precise definition of the bondage number,
we need some terminology and notation on graph theory. Let
G = (V,E) be a digraph with a vertex-set V and an

edge-set E. For asubset S <V , let E*(S) = {(uVv) EE:uE
S,vgsSh ET(S)={(uv)EE:u ¢ S, veS}and N*(S) = {
veV:ueS,uv) e E"S)} N (S)={ueV:ves, uyv)
e E )}

A directed graph or digraph is a graph each of whose
edges has a direction [1]. For VeV and (u,v),(v,w) e E,

U and W are called an in-neighbor and an out-neighbor of V
respectively. The in-degree and the out-degree of V are the
number of its in-neighbors and out-neighbors, denoted by

d (v) and d"(v) respectively. The degree of V is
d(v)=d"(v)+d (v).

The bondage number b(G) of a non-empty graph
G is the minimum cardinality among all sets of edges El,

for which (G —E,) > (G) [2]. Thus, the bondage number

of G is the smallest number of edges whose removal will

render every minimum dominating set in G a non-dominating
set in the resultant spanning sub graph [5]. Since the
domination number of every spanning sub graph of a non-

empty graph G s at least as great as y(G), the bondage

number of a non-empty graph is well defined [3,4,6,7].
KEYWORDS:

Interval family, dominating set, domination number,
bondage number, directed graph, in-degree, out-degree, in-
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Il. MAIN THEOREMS

1 Theorem: Let | ={i,i,, ————— ,i.} be an interval

family and let G be an interval graph corresponding to the
Interval Family | . Let i, je | and if j is contained in 1,

I #1 and there is no other interval that intersects |, other

136



International Journal of Advanced Information Science and Technology (1JAIST)

Vol.3, No.3, March 2014

than i. Then the bondage number  b(G)=1, it gives
b(G) <d(v)+d*(u)—|N"(U) AN"(v)|

Proof: Let G be an interval graph corresponding to the
given interval family {i,,i,,————— Jd.}el. Let i, be

any two intervals in | which satisfies the hypothesis of the
theorem. Clearly, ieD, where D is a minimum

dominating set of G because, there is no other interval in |
other than i, that dominates | .

Consider, the edge e =(i, j) in G.

If we remove this edge from G then, ] becomes an
isolated vertex in G —e as there is no other vertex in G,
other than i, that is adjacent with j. Hence D, = D U{j}

becomes a dominating set of G—e and since D is a
minimum dominating set of G, hence D, is also a minimum

dominating set of G-e. Therefore
D, = (G —€) =|D|+1>|D]. Thus b(G) =1, it gives,

b(G) <d(v)+d"(u)—|N"(U) A N"(V)

First we will discuss the directed graph corresponding
to an interval graph. A digraph with a Vertex-Set V and an
Edge-Set E.

ForaSubset SV, let

E*(S)={(u,v)eE(G):ueS,veS}
E"(S)={(u,v)eE(G):ugS,veS}
N*(S)={veV:ueS,(uv)eE"(S)}
N (S)={ueV:veS,(u,v)e E (S)}

Now, We will prove the bondage number b(G)
Consider the following Interval Family,

Fig.1: Interval Family |
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From the interval family I, the neighborhoods of each vertex
are as follow,

nbd [1] ={1,2,4}, nbd[2]={1,2,4},

nbd [3] = {3,4}, nbd [4] = {1,2,3,4,5,6},

nbd [5] = {4,5,6,8}, nbd [6] = {4,5,6,7,8},

nbd [7] = {6,7,8}, nbd [8] ={5,6,7,8,9},

nbd [9] = {8,9}

We can clearly see that the
G=D={4,8and y(G)=2
Remove the edge e=(3,4) from G, then the dominating set of
G-e=D, ={348}

7(G-e)=y(G)=3

~y7(G-e)>y(G)
and hence b(G) =1
Now, we will prove the following inequality,

dominating set of

b(G) <d(v)+d* (u) =[N~ (u) " N"(V)
Let us consider the vertices, u = 3, v = 4 such that
(u,v)=(3,4) e E(G)
Here in this interval family clearly (3,4) € E(G)
Now, d(v)=d(4)
d(v) = out degree of Vv + in degree of v

Sdv)=dT(v)+d (v)
=d*(4) +d (4)
=2+3=5
~dv)y=5  aeeeee-- > (@))
=d"(u)=d"@)=1  --------- > 2
Now to find N~ (u) and N~ (V), we need to find E™(S)
whereS <V, the vertex set of G  and
E"(S)={(u,v)eE(G):ugS,veS}
Now let us take, S = {3,4}

= E(S)=E({34})={(14).24)}

e, E'(U)=E'(®)=¢,E'(v)=E(4)={(14).(24)}
Now,
N*(S)={veV:ueS,(u,v)eE"(S)}
N (S)={ueV:veS,(uv)eE (S)}-——————— > (3)
From equation (3), N7 (S)=N({34})={12}
i.e, N"(u)=N"Q) ={g}=N"(u) ={d}

N (vV)=N"(4)={L,2Z}=N"(v)={L2}
= N (U)NN-V)={#}
SINUANW=0 e > (4)
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Hence finally, from

M. ad @),
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Let us  consider I ={L....84,{1,2,3,4} e S,and

d(v)+d"(U)~|N"(u)AN"(v) =5+1-0=6,b(G) =1 {5,6,7,8}S,

2 b(G) <d(v)+d* (u) =[N~ (u) "N~ (v)
The Theorem is proved

2 Theorem : Let the dominating set D of G consists of two
vertices only, say X and Y . Suppose X dominates the vertex

set S, ={L,....... ,i}and y dominates the vertex set

1. Suppose there is no vertex in S, other than X
that dominates S,and no vertex in S, other
than ythat dominates S,. Then
b(G) =1, it gives

b(G) <d(v)+d*(u) =[N~ (u) "N (V)

2. Suppose there is one more vertex K € S, or S,
respectively. Then b(G) =1, it gives

b(G) <d(v)+d"(u)~|N"(u) AN~ (v)

Proof: Casel: Let D ={X, y}. Suppose X and Y satisfies
the hypothesis of the theorem. Since X alone dominates Sl,
there is no vertex in S, = {1, ......,i}\{x} that can dominate 31-
Let j be any vertex in S, and e=(X, j). Consider the
graph G —e. In this graph, X dominates every vertex in Sl
except | . Now consider a vertex in S1 which is adjacent with
], say M. Then clearly the set {X, m} dominates the set S;
in G —e. If there is no vertex in S, that is adjacent with j,

then clearly the graph G becomes disconnected. So there is at
least one vertex in S that is adjacent with j . Let us assume
that there is a single vertex say Z, Z# Xsuch that Z

dominates the set S, in G—e. This implies that z also
dominates the set S, in G, a contradiction, because by
hypothesis X is the only vertex that dominates the set S, in
G .Hence a single vertex cannot dominates S, in G—e.
Thus D, = D u{m} becomes a dominating set of G —e.
Since Dis minimum in G, D, is also minimum in G —e,
so that ¥(G—e)>y(G). Hence b(G)=1, it leads to
b(G) <d(v)+d"(u)—~|N"(u) "N~ (v)}

A similar argument with vertex
b(G) =1, it leads to
b(G) <d(v)+d*(u)—~|N"(u) "N~ (v)}

y also gives

The Interval family | is as follows,

1 3 5 7

2 4

— & e ee—— o

8

*r—e
Fig.2 : Interval family |

The neighborhoods of each vertex are as follows,
nbd [1] ={1,2}, nbd[2]={1,2,3,4},
nbd [3] ={2,3,4}, nbd [4] ={2,3,4,5}
nbd [5] = {4,5,6}, nbd [6] ={5,6,7,8},
nbd [7] = {6,7,8}, nbd [8] ={6,7,8}
We have,
Sl ={1’213’4}1 S2 :{51617)8}1
Dominating Set, D ={2,6} & y(G)=2
Remove the edge e = (2,4) from G, then the dominating Set of
G-e=D;={24,6}and y(G-€)=3
Therefore (G —e) > y(G) and thus b(G) =1.

Now, we will prove the following inequality,

b(G) <d(v)+d*(u)~|N"(u) "N~ (v)
Let us consider the vertices, u = 2, v = 4 such that
(u,v) =(2,4) € E(G) . Here in this interval
family clearly (u,v) =(2,4) € E(G)

Sdv)=dT(v)+d(v)

=d " (4)+d (4)

=1+2=3
~dwvy=3 - 1)
=d"(u=d"(2=2 ------- 2
Now, to find N~ (u)and N~ (V)we need to find E"(S),
where S <V, the vertex set of G
and E7(S)={(u,v) eE(G):ueS,veS}
Now let us take, S ={2,4}
= E(5)=E({24})={(12).(34)}
e, E(uU)=E(2)={(1,2)},E'(v)=E (4)={(3,4)}

Now,
N*(S)={veV:ueS,(uv)cE"(S)}
N (S)={ueV:veS,(uv)eE(S)}——————- > (3)

From Equation (3), N™(S)=N"({2,4}) ={1,3}
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e, N"(u)=N"(2)={}= N"(u)={1}
N“(v)=N"(4) == N"()={3
= N7(U)NN"(v) ={g}
=|N"(u)AN~(v)|=0
Hence finally, from (1), (2) and (4)
d(v)+d"(u)—|N"(u) AN~ (v)=3+2-0=>5and
b(G)=1
< b(G) <d(v)+d"(u)=|N"() AN"(V)
Case2: Let D={X,y}and X dominates S, and Yy
dominates S,.Let k €S, such that K also dominates S, .
Let € =(X,k).Consider the graph G —e€.In this graph the
vertices X &K are not adjacent. Hence X alone cannot
dominate the set S, in G—€. We require at least two

vertices in S, , which dominates S, in G —e. Therefore the

dominating set of G —e contains more than two vertices.

Thus (G —e) > y(G) . Hence b(G)=1, it gives that,
b(G) <d(v)+d* (u)~|N"(u) " N"(V)

Similar is the case ifk €S, gives b(G) =1, it gives that

b(G) <d(v)+d*(u)=|N"(U) A N"(V)

If we  consider I={L....,9},{L 23,4} S,and

{5,6,7,8,9}€S,
The Interval family 1 is as follows,

—2 o 6 9
o—loo—i-oo—5—03 ®
— 4 L. 8 .

Fig.3 : Interval family |
The neighborhoods of each vertex are as follows,
nbd [1] = {1,2,4}, nbd [2] ={1,2,3,4},
nbd [3] = {2,3,4}, nbd [4] ={1,2,3,4,5}
nbd [5] = {4,5,6,8}, nbd [6] = {5,6,7,8},
nbd [7] = {6,7,8,9}, nbd [8] = {5,6,7,8,9},
nbd [9] = {7,8,9}
We have,
S, ={1,2,3,4},S, ={5,6,7,8,9},
Dominating Set, D ={4,8}& y(G)=2
Remove the edge e = (2,4) from G, then the dominating set
of G—e=D, ={2,4,8}and 7(G —e) =3

Therefore (G —e) > y(G) and thus b(G) =1.
Now, we will prove the following inequality

b(G) <d(v)+d*(u)~|N"(u) "N~ (v)

Let us consider the vertices, u = 2, v = 4 such that

(u,v)=(2,4) eE(G)
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Here in this interval family clearly
(u,v) =(2,4) e E(G)
sdv)=dT(v)+d (V)

=d"(4)+d " (4)

=1+3=3 @ -------- > 1)
=d"W=d (=2  -------- > (2)
Now to find N (u)and N (V)we need to find
E™(S),where S <V, the vertex set of G
and E7(S)={(u,v) eE(G):ugS,veS}
Now let us take, S ={2,4}
= E(5)=E({24})={(1.2),(1,4).(3.4)}
e, ET(u)=E(2)={(1,2)},

E'(v)=E (4)={(14). 34}
Now
N7 (S)={veV:ueS,(uv)eE"(S)}
N (S)={fueV:veS,(uv)eE (S)}-——————- > (3)
From Equation (3), N (S)=N"({2,4})={1,1,3}
e, N (W=N"2)={} = N (u)={1}
N (vV)=N"(4)={1,3}= N (v)={1,3}

= N (U)NN (v)={1}
SINTUANTW) =1 e > (4)

Hence finally from (1), (2)and (4), it follows that
d(v)+d*(U)=[N"(U) AN (V)|=4+2-1=5  and
b(G) =1

< b(G) <d(v)+d"(u)—|N" ()N (V)

3 Theorem: Let the dominating set D ={X,V},
if X dominates S, ={L........ ,J}and Yy dominates
S,={i+1,....... ,N}. Suppose there are two vertices say

2,2, €S, or S,such that z;,z, also dominates S, or
S, respectively. Then the bondage number
b(G) =3, it gives that

b(G) <d(v)+d*(u)~|N"(U)AN"(V)
Proof : Let the dominating set D ={X, y} and X, y satisfies
the hypothesis of the theorem. Suppose Z;,Z, €S, and
Z,,Z,also dominates S;. Let M be an arbitrary vertex in

S, m=1,X,2,2,.
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Now delete the edges Xm,zm,z,m

incident with M from G .If d(m) =23 then M becomes an
vertex in G, =G —{xm,zm,z,m}.Thus the

that are

isolated
dominating set D, = D w{m} becomes a dominating set of
G, and since D is minimum it follows that D, is minimum
in G,.
Hence (G,) > 7(G)and b(G) =3, it leads to
b(G) <d(v)+d"(u)~|N"(u) AN~ (v)
Also we consider | ={1,2,....... 10}, S, ={1,2,3,4,5}and
S, ={6,7,8,9,10}

The Interval Family | is as follows,

— 3 o o0 o
’2—4_* ' ' 10

Fig.4 : Interval family |

The neighborhoods of each vertex are as follows from the
above Interval Graph G
nbd [1] = {1,2,3,4},
nbd [3] = {1,2,3,4,5},
nbd [5] = {2,3,4,5,6},
nbd [7] = {6,7,8,9,10}
nbd [9] = {7,8,9,10},
We have,

S, ={1,2,3,4,5},S, ={6,7,8,9,10},

dominating Set, D ={4,8} & y(G) =2
Remove the edges (1,2),(1,3),(1,4) from G, then the
dominating set of G, =D, ={1,4,8} and »(G,)=3, by
removing the edges (1, 2), (1,3), (1,4) from G.

Therefore (G,) > (G) and hence b(G) =3

We will prove the bondage number as follows,
Let us consider the vertices, u=1v=4 Such that,

(u,v)=(@4) eE(G)
Here in this interval family clearly (u,Vv) =(1,4) € E(G)
sd(v)=dT(v)+d(v)
=d"(4)+d (4)
=1+3=4  eee--- (1)
=>du)=d@®=3  ------- (2)
Now to find N7 (u)and N~ (v),we need to find E™(S)
where S <V, the vertex set of G

and E-(S) ={(u,v) e E(G):ugS,veS}

nbd [2] = {1,2,3,4,5},
nbd [4] = {1,2,3,4,5}
nbd [6] = {5,6,7,8,10},
,nbd [8] = {6,7,8,9,10},
nbd [10] = {6,7,8,9,10 }
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Now let us take S =

= E(S)=E({L4})={(24),34)}
e, E(U)=E 1) ={4}, E(v)=E (4)={(24),(34)}

Now
N*(S)={veV:ueS,(uv)eE"(S)}
N (S)={ueV:.veS,uv)eE(S)}-————- > (3)

N™(S)=N"({L4})={2,3}

ie, N"(U)=N"0)={g}=N"(u)={¢}

N~ (v)=N"(4)={23}= N~ (v) ={2,3}
= N7 (u)nN"(v)={s}
=[N"(U)AN"(v)|=0
Hence finally from (1), (2) and (4), it follows that,
d(v)+d*(u)=|[N"(u) "N~ (V)|=4+3-0=7and
b(G) =3

b(G) <d(v)+d"(u)—|N"(u) "N~ (V)

Hence the theorem proved.
4 Theorem: Let D={X,y,z}. Suppose X dominates

{14}

From equation (3),

S,={L.....i},y dominates S,={i+L,....,j}z
dominates S; ={j+1,.....,n}
1. There are no other vertices in S,or S, or

83 that dominates the sets respectively. Then the bondage
number b(G) =1, it
b(G) <d(v)+d*(u)~[N"(W) A N"(v)

2. Suppose there is one
keS,orS,or  S;that  dominates

gives that

more  vertex
S,orS,or

S, respectively then the bondage number b(G) =1, it
gives that b(G) <d(v) +d " (u) =[N~ (u) "N~ (V)|

Proof: This is also proved, similar to that of case 1 and cas 2
in Theorem 2.
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